A numerical study of the run-up and the force exerted on a vertical wall by a solitary wave propagating over two tandem trenches and impinging on the wall 
Introduction
The propagation and transformation of water waves over varying bathymetries is a subject of fundamental interest to ocean, coastal and harbor engineers. A specific bathymetry that has attracted much interest in the last decades is that consisting of one or more, naturally formed or man-made, trenches, also called cavities or pits. As an incident wave propagates over such a bathymetry, the interaction of waves with the seabed may seriously deform the free surface and cause various hydrodynamic effects as, for example, wave reflection and scattering, having potential impact on natural or engineered systems. Man-made trenches are often shaped near or in front of harbors by dredging works, in order to provide fill rubble for breakwater caissons or navigation channels for big ships (H. S. Lee and Kim 2004 ; H. S. Lee et al. 2009 ). It has also been recognized that a single trench or a system of multiple trenches modify the local wave climate and may function as a submerged breakwater, called pit breakwater or multiple-pit breakwater, respectively; see e.g. (McDougal et al. 1996 ; H. S. Lee 2004; H. S. Lee and Kim 2004 ; H. S. Lee et al. 2009; Kim et al. 2015) . Another issue related with such types of bathymetries is that the trenches (cavities) usually act as sediment pockets or traps, resulting in a strong density stratification and the development of internal waves within them (Lassiter 1972; Ting 1994) . Although the latter issue is out of the scope of the present work, we mention here that the motion of sediment particles is strongly affected by the vortices which are developed at the edges and within the trench (Chang and Lin 2015; Wu et al. 2015a, b) .
The vast majority of early works studying the wave-trench interaction have been conducted in the context of linear wave theory, either shallow water or full-linear potential theory( 1 ). Probably the earliest systematic study in this context is due to Lassiter (1972) , who formulated the two-dimensional (2D) scattering problem in terms of complementary variational integrals of Schwinger's type, and presented numerical calculations for the complex reflection and transmission coefficients of a normally incident monochromatic wave, passing over a rectangular trench containing two different fluids and having different depths in the upstream and the downstream sides. The interaction of normally or obliquely incident water waves with a rectangular submarine trench has been investigated by several authors in the 80s and 90s; see e.g. J.-J. Lee and Ayer (1981) , Miles (1982) , Kirby and Dalrymple (1983) , Ting and Raichlen (1986) , Kirby et al. (1987) and Williams (1990) , usually restricted to 2D geometries. A survey of some methods, for solving the problem of linear wave transformation by 2D bathymetric anomalies, has been conducted by Bender and Dean (2003) , who studied the reflection and transmission of normally incident waves by trenches and shoals with sloped transitions. The analysis was later extended to 3D geometries, using the full-linear theory, by Williams and Vazquez (1991) . McDougal et al. (1996) extended the shallow-water wave analysis of Williams (1990) to the 3D case with multiple pits. Some authors studied the same problem by using the mild-slope or the modified mild-slope equation, providing analytical or semi-analytical solutions to reflection and transmission coefficients for typical trenches, valid in the linear, long-wave regime; see e.g. (Jung et al. 2008; Michalsen et al. 2008; Xie et al. 2011; Xie and Liu 2012; H.-W. Liu et al. 2013) . Recent investigations, in the context of the fulllinear potential theory, have been presented by Mandal (2014, 2015) , for normal and oblique incidence of waves over a single rectangular trench, respectively, and by Kar et al. (2018) , where a system of two 2D trenches of general shape has been considered. See also Roy et al. (2017) and Chapter 3 of the recent book by Mandal and De (2015) .
Despite the extensive investigation of the wave transformation over (one or more) trenches conducted by using linear wave theories, analogous works using nonlinear theories are much more limited. Our main concern in this paper is the study of the transformation of a solitary wave propagating through a homogeneous liquid and passing over two tandem trenches, and the impact of the resulting wave system on a vertical wall. Incidentally, we also study the same problem with a single trench. To the best of our knowledge, only the latter case has been considered in the existing literature; see (Chang et al. 2011 (Chang et al. , 2012 Chu et al. 2015; Chang 2019) . The emphasis, in the above-mentioned works, lies in the solitary wave transformation by the trench and on the study of the vortical fluid motion induced by the trench. For this purpose, the above authors utilized a 2D viscous flow model, based on stream function and vorticity formulation, implemented by means of the finite analytic numerical method (Chen and Chen 1984) . Clearly, there are two different types of complicacies in studying the interaction of a solitary wave with trenches and the impact of the resulting wave system on a vertical wall. First, the flow becomes vortical within and near the trenches (especially at the edges), a feature which cannot be grasped by means of the potential theory, either linear or nonlinear. Second, the impact on the vertical wall is a violent, strongly nonlinear, phenomenon, and the run-up is practically incompatible with the viscous no-slip boundary condition. Fortunately, the detailed, experimental and numerical, analysis of the solitary wave -trench interaction, provided in the above-mentioned papers by Prof. Chang and co-workers, established that the strongly vortical flow regime is restricted within and near the trench and, thus, its effects on the wave flow, especially on the main frontal part, is not important. Accordingly, it seems reasonable to study the problem by using nonlinear potential theory, pointing to the calculation of the surface wave transformation, as well as the run-up and the force exerted on the wall lying behind the trench(es). This is the main purpose of the present paper. Since the depth in the trenches may be two or more times the initial depth, it is not safe to use shallow-water nonlinear theories, which may be invalidated by this deepening. Our approach utilizes a fully nonlinear Hamiltonian coupled-mode theory (HCMT), developed recently by two of the present authors; see Papoutsellis and Athanassoulis 2017; Papoutsellis et al. 2018 ). This theory and its numerical implementation are valid for any depth, any (smooth) bathymetry, however steep, and any level of nonlinearity (steepness) of non-breaking surface waves. The apparent incompatibility between the rectangular trench bathymetry and the smoothness requirements of HCMT, is resolved by approximating the rectangular trench(es) as smooth, nearly-rectangular cavities, with the same length (width) and height (depth) as the rectangular ones and very steep lateral boundaries, using a combination of tanh-functions. This change has negligible effects on the free-surface elevation and the main wave flow, although may lead to serious locally, near the trenches.
In the context of the fully nonlinear potential theory, the primitive unknown fields are the free-surface elevation ( , ) x t  and the wave potential ( , , ) x z t  . The latter is defined in the unknown (
where
is the common projection of the free surface
and the seabed topog-
on the horizontal axis. The right-end vertical boundary, at x b = , is the wall on which the propagating wave is reflected, while the left-end vertical boundary, at x a = , is located far enough in order to have no influence on the main flow phenomena studied herein. The differential equations, and the boundary and initial conditions applied to the unknown fields ( , ) x t  and ( , , ) x z t  are given in Sec. 2. The HCMT starts with the following, exact and rapidly convergent, series expansion representation of the wave potential:
( , ) ( ; , ),
are unknown modal amplitudes, and ( ; , ) n n Papoutsellis et al. (2018) . The somewhat curious indexing of the first two terms of series (2), 2, 1 n = − − , comes from the fact that the remaining terms, with indices 0 n = and 1 n ≥ , are conceptually related with the propagating and the evanescent modes of the linear theory. Also, if the HCMT is linearized, 0 Z and , 1 n Z n ≥ become identical with the corresponding vertical modes of the standard linear theory. Nevertheless, it should be stressed herein that, in the context of the HCMT, the derivation of the vertical functions , 2 n Z n ≥ − is completely independent from any linearization argument. The first two terms, with indices 2, 1 n = − − , are indirect representations of the vertical derivative of the wave potential on the free surface ( , ) z x t  = and on the bottom ( ) z h x = − and, for this reason, are referred to as the free-surface mode and the bottom mode respectively.
The mathematical theory behind the series expansion (2) is presented in detail in Athanassoulis and Papoutsellis (2017) . As it is shown therein, the infinite series expansion (2) (2), justifying its use in the HCMT, are the following:
satisfies the estimate
 Series (2) can be differentiated term-by-term at least twice, with respect to all independent variables,  The resulting series, after the term-wise differentiation, converge (rapidly as well) to the corresponding derivatives of  , throughout the whole fluid domain
, up to and including the boundaries. Rigorous proofs of the above statements are given in Athanassoulis and Papoutsellis (2017) , Theorems 1 and 2, and corresponding Corollaries.
By modelling the rectangular trenches as smooth, steep (almost rectangular) cavities, and using representation (2), the fully nonlinear problem is recast as a coupled-mode system of horizontal differential equations with respect to the new unknown fields (8) in Sec. 2) form an infinite system, which is truncated to a finite order, during the numerical implementation of the method (see Sec. 3). This truncation is realized by ignoring the terms of the series (2) (and the corresponding equations) with n M > , where M is usually taken to be 3, 4 or 5( 2 ). The ignored higher-order terms are consistently small, independently of ( 2 ) The required number of M is always found by a preliminary investigation of the convergence of the numerical scheme. In almost all studied cases (herein and in other applications), 5 M = suffices for numerical convergence. The how much the boundaries differ from the planar ones and how steep they are. Thus, even the finitedimensional approximations obtained by the HCMT are not perturbative, as regards the boundary shape. This has been clearly demonstrated by comparing our numerical solutions to simple, standard, benchmark problems with known analytical results in Athanassoulis and Papoutsellis (2017) . Accordingly, our model fully encompasses the nonlinear and the dispersive characteristics of the wave flow, leaving aside only the vortex formation in the trenches, since it is a potential theory. Nevertheless, our model predicts almost identical results, for the free-surface elevation above and after the trench, with the experimental measurements and the numerical results obtained by Chang et al. (2011) , using 2D Navier-Stokes equations; see the comparisons in Sec. 4.4. Thus, we can argue that the HCMT provides reasonably accurate calculations for the main wave flow, far from the trenches. Of course, additional experimental verification is highly desirable.
Regarding its ability to predict the run-up and the force exerted on a vertical wall by a solitary wave propagating over a flat seabed, the HCMT has been thoroughly validated against experimental measurements and numerical results by other fully nonlinear solvers in Papoutsellis et al. (2018) . The excellent agreement between HCMT predictions and experimental results for both the run-up and the force can be seen in Figs. 4 and 5, respectively, of the afore-mentioned work.
The main objective of the present paper is the investigation of the effect of trenches on the run-up and the force exerted on a vertical wall by a solitary wave, propagating over and transformed by a bathymetry with trench(es). That is, the present paper continues the investigation of the trenches as submerged breakwaters, moving from the linear to the fully nonlinear theory, when the incident wave is a solitary one. The latter is constructed as a solution to the fully nonlinear water-wave equations as well, by means of a highly-accurate iterative solver of Clamond and Dutykh (2013) , which is briefly described in Appendix A. Systematic results for the maximum run-up and the maximum force on the wall, when an incident solitary wave of amplitude a propagates over a reference depth 0 h , with 0 / 0.2, 0.3 a h = , 0.4, passes over one or two tandem trenches and impinges on the wall, are presented in Sec. 5. The impact of the trenches on the run-up and the force is nonlinearly dependent on their dimensions and the wave amplitude. The greater the dimensions and the amplitude, the more intense the reduction of the run-up and force becomes, reaching the figures of 45% and 38%, respectively, for the largest trenches considered in this work, and 0 / a h = 0.4 . When only one of the two trenches is present, the reduction of the run-up and the force is 1.4 -1.7 times smaller.
An overview of the fully non-linear Hamiltonian Coupled-Mode Theory
In this section, a concise overview of the classical nonlinear water-wave equations and the HCMT is presented, restricted to the two-dimensional (2D) case, in accordance with the applications we are going to discuss.
Classical differential and variational formulation
Consider a Cartesian coordinate system O x z , with the x −axis coinciding with the quiescent free surface, and the z -axis pointing upwards. The fluid is assumed homogeneous and incompressible, and the flow inviscid and irrotational. The fluid velocity in the (unknown and time-dependent) domain ( , )
(1), is described by means of a wave potential  = ( , , ) x z t  satisfying the following, well-known, equations (Wehausen and Laitone 1960; Mei et al. 2005 , Ch.1):
only cases for which M may need to be greater (up to 10) are those with highly nonlinear waves, just before the breaking limit.
( )
where g is the acceleration of gravity. Eqs. (3a) and (3b) are the kinematic and the dynamic free-surface boundary conditions, while Eq. (3d) is the bottom boundary condition. These equations should be supplemented by lateral boundary conditions, which, in the present paper, have the form
modelling vertical walls at the end points x a = and x b = . The initial state of the flow, i.e. the initial
, should be also given for any specific application. Let it be noted that the specification of nonlinear initial conditions (initial flow) is not an easy problem for water waves. Such a specification usually requires the solution of another nonlinear problem, by means of some simpler or specific method. For the applications we are going to discuss in this paper, the appropriate initial flow corresponds to the flow of a solitary wave located in the flat-bottom region, far enough from the left wall, x a = , and beyond the first trench. Its derivation is briefly presented in Appendix A.
The nonlinear problem described by Eqs. (3) and (4) admits of an unconstrained variational formulation, introduced by Luke (1967) ; see also Whitham (1974) , Ch. 13. The action functional of Luke's Variational Principle has the form
Luke's Variational Principle states that the fields  and  satisfy Eqs (3) and (4) 
An important feature of the variational formulation (of any problem) is that it facilitates the reformulation of the problem, by using various representations of the unknown fields, involved in the functional, in terms of other, more convenient ones, and performing the corresponding variations with respect to the latter.
The Hamiltonian Coupled-Mode Theory
In the context of the HCMT, the exact representation of the unknown potential in terms of the freesurface elevation  and the modal amplitudes , 2 n n  ≥ − , given by Eq. (2), is introduced into the variational equation (6), and the variations are performed with respect to the new independent functional variables  and n  . The new Euler-Lagrange equations lead, after an extensive analytical treatment presented in Papoutsellis and Athanassoulis (2017) and Papoutsellis et al. (2018) , to the following two Hamiltonian evolution equations with respect to ( , )
and the following system of horizontal partial differential equations with respect to the modal amplitudes ,
supplemented by the lateral boundary conditions 
The following remarks, explaining the structure of the above equations, are in order here.
The evolution equations (7) are not closed with respect to ( , ) x t  and ( , ) x t  since they contain the modal amplitude 2  − . The latter is obtained by solving the system of equations (8). Since the coefficients of this system are dependent only on  and h (see Eqs. (9)), and its excitation is  (see Eq.
(8b)), we can write
Eq. (10) reveals that 2  − can be considered as a linear, nonlocal operator on  , also dependent (nonlinearly, yet explicitly) on the boundary functions  and h . The operator [ , ] h   is similar in nature to the classical Dirichlet-to-Neumann operator [ , ] h   , as defined in Craig and Sulem (1993) . In fact, in Athanassoulis and Papoutsellis (2017) , the following identity has been proved,
permitting us to show that the evolution Eqs. (9) are equivalent to the classical Hamiltonian formulation, as presented by Craig and Sulem (1993 A central point for the efficient implementation of the HCMT, Eqs. (7) and (8) Having solved the evolution equations (7), the calculation of any field quantities (pressure, velocity, acceleration) throughout the whole domain is almost costless, since it can be performed by simple manipulation of the rapidly convergent series (6). For example, to calculate the hydrodynamic force ( ) d F t exerted on the wall, we have to compute the integral
where ( , , ) 
Then, the vertical integrals of the n Z − functions and their derivatives, involved in the last term of Eq. (12), can be computed analytically, exploiting the results of Sec. 3 and Sec. 4 of Papoutsellis et al. (2018) . Thus, the formula for the hydrodynamic force takes the form
( , ) ( , ) , 
where 1 2 , , , n n A A B C are complicated coefficients, calculated in closed forms. In this way, no further numerical differentiation or integration is performed in computing the force, its accuracy being the same as the accuracy of the free-surface calculation. Recall also that the term-wise differentiated series (13) are rapidly convergent as well, thus, the truncation error is the same as that of the solution procedure.
A concise description of the numerical implementation
In this section we briefly discuss the numerical implementation of the HCMT, for the 2D case. For a detailed description, the interested reader is referred to Papoutsellis et al. (2018) and Papathanasiou et al. (2019a) . These papers also contain extensive numerical investigation and comparisons with experiments and other solution methods, validating the high accuracy, rapid convergence and overall efficiency of the HCMT.
Numerical solution of the kinematical substrate problem
To march in time the two evolution Eqs. (7) 
X X M N M N    linear algebraic system, whose explicit form can be found in Appendix D of Papoutsellis et al. (2018) . This system is numerically solved by using the LU decomposition.
Numerical solution of the Hamiltonian evolution equations
Having established a procedure for the numerical calculation of (7) are rendered closed, so that their time marching, via a time-integration scheme, is possible. Using again Eqs. (15) and their onesided (asymmetric) versions, for the approximation of the spatial derivatives contained in Eqs. (7), the latter turn into the following, semi-discrete, evolution system ( )( )
where ( ) ( , )
This system is treated by using the classical, fourth-order Runge-Kutta method, choosing a uniform temporal grid n t = , 0,1,2,... n t n  = , t  being the uniform time step in use ( 3 ). The above explicit scheme has been extensively studied and validated against several experiments, concerning water-wave problems with solitary waves, showing very good conservation properties, which are preserved even in long time simulations (Papoutsellis et al. 2018) . Let it be noted that we do not need (and do not use) any filtering procedure to obtain accurate results even in long time simulations.
The required initial condition, for the problems studied in this paper, is the flow corresponding to a solitary wave located well before the first trench (and thus non interacting with it). As already mentioned, this nonlinear initial flow is obtained by means of a highly accurate, iterative solver, constructed by Clamond and Dutykh (2013) , and based on the full Euler equations. A short overview of this method is presented in Appendix A.
Propagation of a solitary wave over some typical bathymetries. Validation and limitations of the present method
In this section, we present some comparisons of numerical results obtained via the HCMT for the transformation of a solitary wave by varying bathymetries with available experimental results and results by other nonlinear solvers. This process allows us to validate various features of the HCMT, and identify cases where the assumption of potential flow is inadequate, as viscous effects become important. Our main concern is the study of the interaction of a solitary wave with trench(es). However, we were able to find only one already studied relevant configuration, for which experimental as well as numerical results were available (Chang et al. 2011; Chu et al. 2015) . Thus, we enlarge the scope of comparisons, considering also shoaling-type bathymetries, for which several previous studies can be found. Let it be noted that, generally, these cases are more demanding than the ones with trenches, since the lesser the depth the more prominent the viscous effects become.
Propagation over a shelf
As a first case study, we consider the propagation of a solitary wave over a shelf, using the configuration shown in Fig. 1 . This problem has been treated in the works of Madsen and Mei (1969) , providing both experimental results and numerical ones based on approximate long-wave equations, and Li et al. As demonstrated in Fig. 2 , our computations are in good agreement with the referenced experimental data and almost identical with the numerical results obtained with the SPH approach, up to the gauge 2 g . Past that point, a deviation from the experimental measurements and, to a lesser extent, from the SPH results occurs. Specifically, our results are characterized by higher peaks and an advancement of the wave front. To quantify this discrepancy, we mention that, at the gauge 3 g , the highest-peak overestimation with respect to the experimental data is about 14.1%, with a time advancement of about 1.6%. At the gauge 4 g , the respective percentages are shaped as 36.4%, for the highest peak, and 1.6%, for the time advancement. As a point of reference, we should also note that the highest-peak overestimation of the SPH results compared to the experimental measurements is about 8.1% and 22.1% at the gauges 3 g and 4 g , respectively. This behavior can generally be attributed to viscous effects (especially, bottom friction) that become more significant in the shallower region, where the two gauges 3 4 , g g are located. Furthermore, it should be noted that in this experiment the physical depth is very small ( 1 h = 3.81cm ), rendering the depth-based Reynolds number very small as well, and the bottom friction significant for the flow, for a large part of the water column. We further elaborate on this point in Sec. 4.3. Note finally that, in all cases, our numerical results concerning the free-surface elevation are more consistent with the experimental ones than the numerical results of Madsen and Mei (1969) , obtained in terms of long-wave equations. The alignment of the main peaks between their experimental and numerical results seems to be artificial, since the viscous effects must decrease the propagation speed. This is also supported by the fact that even the SPH solution does not provide a peak fully aligned with the experimental one.
Propagation over a step
Next, we study the propagation of a solitary wave over a step change in bathymetry. To make this bathymetry compatible with our implementation, the depth discontinuity has been modelled as a smooth, very steep, continuous change, by using the following tanh-function representation
Referring to Fig. 3 , the incident solitary wave propagates, for a while, over a seabed of depth 0 h , before encountering the step. Then, during its interaction with the step, a wave transformation process occurs, and finally the resulting wave system evolves over a shallower region, of depth 1 h . While the wave propagation/transformation takes place, the elevation of the free surface is measured at four gauge locations, i.e. gauges 1 g , 2 g , 3 g and 4 g .
Fig. 2
Comparison of the normalized free-surface elevation history at the gauges 1 g , 2 g , 3 g and 4 g , between experimental data (circles) and numerical results (dash-dot line) from Madsen and Mei (1969) To be able to compare our numerical results with others', the simulation is performed with the configuration used by Seabra-Santos et al. (1987) Our results, via the HCMT, are shown in Fig. 4 . Again, a very good agreement with the referenced works takes place at the first two gauges, while at gauges 3 g and 4 g , a deviation from the experimental results occurs, due to reasons already mentioned in Sec. 4.1 (viscous effects, development of vorticity at the edge). It is interesting, and somewhat surprising, that the numerical results obtained via the RANS model of P. L.-F. Liu and Cheng (2001) also exhibit a significant deviation from the experimental ones, being closer to ours (than to the experimental values). To be more precise, the HCMT highest-peak overestimation, compared to the experimental data, is 18.3% and 20.1% at the gauges 3 g and 4 g , respectively, whereas the time advancement at each gauge is about 3% and 2%. The corresponding deviations of the RANS results from the experimental ones, for the highest-peak overestimation and the time advancement are: 12.1% and 2.2% at the gauge 3 g , and 12.4% and 1.5% at the gauge 4 g . Two conclusions can be drawn from these findings. First, the viscous effects, emerging in the vicinity of the step, should be severe and, second, regarding the free-surface elevation, the fully nonlinear potential theory gives satisfactory results, well compared with those obtained via CFD methods, while being much lighter computationally. As for the numerical results of Seabra-Santos et al. (1987) , a better performance regarding the main wave front at the gauges 3 g and 4 g is evident, which is degraded subsequently, leading to worse predictions at the second peak.
Comparison and assessment of the findings of Sec. 4.1 and 4.2
Comparing the findings of Sec. 4.1 and 4.2, we are facing a striking and somewhat counter-intuitive result; the percentage discrepancy between our numerical results and the experimental ones is generally larger in the case of a shelf, where the transition to the half depth is mild, in comparison with the corresponding percentage discrepancy in the case of a step, where the respective transition to the half depth is much steeper. In other words, it appears that the HCMT solution is able to follow the experimental results more efficiently in the more demanding case of a step-change in bathymetry (detailed figures of the peak overestimation and time advancement for the two peaks of a solitary wave transformed by the shelf and the step, considered in Sec. 4.1 and 4.2, are presented in Appendix B). This observation becomes even more peculiar if we consider that the amplitude of the solitary wave in the second case is higher than in the first.
As was briefly mentioned in Sec. 4.1, this situation should be attributed to the fact that the physical depth in the case of the shelf experiment is smaller than the physical depth in the case of the step experiment. A physically sound quantification of this difference can be made by considering the appropriate (depth-based) Reynolds number of the corresponding flows:
, where  is the kine- 
It is well documented (see, e.g., Tang et al. (1990) ) that the smaller the Reynolds the larger the impact of the viscous effects on the solitary wave, which affects its propagation characteristics, causing the reduction of its amplitude and velocity. That is, although in the step experiment the change in bathymetry is much steeper, the flow is governed by a Reynolds number more than four times greater, which results in milder viscous effects on the wave flow, in comparison with the case of the shelf experiment. That explains why the HCMT, being a potential theory, performs better in the case of Sec. 4.2. 
Propagation over a trench
Having examined cases of shoaling bathymetries, we now proceed with the investigation of the interaction of a solitary wave with a trench, which is the most interesting and most relevant case in regard to our applications( 4 ). In this case, as illustrated in Fig. 5 , an incident solitary wave, propagating initially over a uniform seabed of depth 0 h , passes over a trench of length tr l , where the local depth is 0 .
tr h h + Such configurations have been studied by Chang et al. (2011) , both experimentally and numerically, using the Finite-Analytic (FA) method to solve the 2D Navier-Stokes equations in stream function and vorticity formulation. The free-surface boundary conditions are treated via a Finite Difference scheme.
( 4 ) Again, to make the bathymetry with a rectangular trench compatible with the smooth-bathymetry requirement of the HCMT, the trench has been modelled as a smooth continuous change, by using a combination of two tanh-functions. More details are given in Sec. 5.
During that wave motion, the free-surface elevation is measured at the gauges 1 g , 2 g and 3 g , located before, at the end, and after the trench. To better understand the effect of the two tandem trenches, and for comparison reasons, the same numerical experiments are repeated with only one trench, that at position 2 x .
Fig. 6
Comparison of the free-surface elevation history at the gauges 1 g , 2 g and 3 g , between experimental data (circles) and numerical results (dashed line) by means of the FA method for the 2D Navier-Stokes equations from (Chang et al. 2011) and HCMT results (solid blue line)
The presence of the rectangular trenches introduces a discontinuity at the bottom profile, which, as mentioned earlier, is not compatible with the HCMT. To overcome that difficulty, the sides of the trenches are smoothed out by using the tanh (hyperbolic tangent) function. Specifically, when two trenches are involved, the bathymetry used in the numerical calculations is defined by 
and s is a constant controlling the steepness of the trench sides. When only the second trench is present (centered at 2 x ), the second term of the right-hand side of Eq. (18) is omitted.
Fig. 7
Geometric configuration of the studied cases (not scaled). The detail shows the real trench (solid line) versus its smoothed-out version by means of the tanh-function (dashed blue line); Eq. (18) All the results shown below have been obtained by using the HCMT, Eqs. (7) and (8) by using the velocity of the initial solitary wave, is 0.5 C = .
Propagation over the trenches
We begin our investigation with the study of the free-surface evolution, as the solitary wave propagates over the trenches. As can be seen in Fig. 8 , at each trench the wave experiences partial reflection and, further, a dispersive trail emerges behind its front. Apparently, an increase in t r h renders those phenomena more pronounced (compare different subplots in the same row). Concerning the effects of t r l , we observe that it strongly affects the dispersive trail, but has a milder impact on the wave reflection (compare different subplots in the same column). The latter can also be confirmed by the snapshots of the free-surface elevation, shown in Fig. 9 . The most important result, better observed in Fig. 9 , is that the presence of the trenches leads to a significant reduction of the maximum wave amplitude that reaches the wall. Especially for the case of deeper and larger trenches, this reduction can be about 40% of the amplitude of the initial solitary wave; see Fig. 9d . The trench height t r h mainly affects the leading wave, having a weaker effect on the form of the wave trail, as can be seen in Fig. 10 .
Secondary effects can be recognized in Figs. 8-10 , as well. In particular, as is expected, a minor reflection back to the right direction occurs when the reflected-at-the-second-trench waves reach the first trench again. Moreover, the solitary wave exhibits a slow, fission-like behavior after each trench. That can be better seen in Fig. 9 and 10, and is further supported by the increase in height of the leading wave just after the trenches (see dashed lines in the same figures). ) is considerably larger than the length of the trench and, thus, the wave is only mildly affected.
Obviously, the use of two tandem trenches, instead of a single one, is beneficial for the run-up reduction, no matter the trenches' geometry or the amplitude of the incoming solitary wave. A very interesting point in this context is that, to achieve the same run-up reduction using only one trench, its length must be greater than the total length of the two trenches, for the cases with Table 2 . The greatest force reduction achieved in the examined cases is about 38%.
Conclusions
In this work, the fully nonlinear potential Hamiltonian Coupled-Mode Theory was applied to the study of the transformation of a solitary wave by one or two tandem trenches, and to the calculations of the maximum run-up and the maximum force exerted on a vertical wall by the resulting wave system. The nonlinear and dispersive characteristics of the wave flow are fully accounted for, while the vortical flow, which is inevitably developed within and near the edges of the trench(es), is not captured by the present potential theory. Nevertheless, comparisons with experimental results and Navier-Stokes solvers suggest that the vortical effects do not seriously affect the frontal part of the wave flow, justifying the use of the present theory for the calculation of the run-up and the force on the wall. The main result of this investigation is that the presence of two trenches in the bathymetry, in front of the wall, may reduce the run-up from (about) 20% up to 45%, depending on the dimensions of the trench(es), the reduction being greater for higher waves. The corresponding figures for the force are 15% -38%. These large run-up and force reductions justify the use of trenches as submerged breakwaters even for long nonlinear waves, extending and supplementing the existing analysis in the context of linear wave theories. 
Eq. (22) is solved by using Petviashvili's iterations (see, e.g., Petviashvili (1976) 
where n S is a stabilization factor. The calculations are efficiently performed in the Fourier domain, and communicated to the physical domain by means of the Fast Fourier Transform (FFT). The iteration process uses as initial guess the KdV solution, in the form 2 2 0 ( )
where  is calculated from the equation The considered numerical methods are those appearing in Fig. 2 and Fig. 4 (Sec. 4), and the percentage discrepancies refer to the peak overestimation and time advancement, for each of the two peaks of the transformed solitary wave, at the gauges 3 g and 4 g . 
